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Motivation

Theorem (Keller 1994)

T : ess. small + idempotent complete + algebraic triangulated category

∃G ∈ T, thick(G) = T ⇐⇒ ∃A: DG algebra, Dc(A) ≃ T

For fixed T ∋ G, when can we guarantee that A is unique up to quasi-iso?

A, B: DG algebras such that H•(A) =
⊕

i∈Z T(G,ΣiG) = H•(B)

(?) =⇒ A
q-iso≃ B =⇒ Dc(A)dg

q-eq≃ Dc(B)dg
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We work over a perfect field k

e.g. char k = 0 or k = k



DG enhancements



Pre-triangulated DG categories

DG category = category enriched in cochain complexes of k-vector spaces

Definition (Bondal–Kapranov 1990)

A : ess. small DG category is (Karoubian) pre-triangulated if

y : A ↩−→ Dc(A)dg, a ↦−→ A(−, a),

induces an equivalence

H0(y) : H0(A) ∼
↩−→ Dc(A)

A : pre-triangulated DG cat. =⇒ H0(A) is (canonically) a triangulated cat.
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Enhancements of triangulated categories

(Bondal–Kapranov 1990) DG enhancement A of (T,Σ, △)
• A : pre-triangulated DG category
• ∃Φ : H0(A) ∼→ T : equivalence of triangulated categories

A ∼ B generated by

∃F : A B

H0(F) : H0(A) H0(B)

quasi-equiv.

∼

DGE3(T,Σ, △)

Equivalence classes of
DG enhancements

(T,Σ, △) admits a unique DG enhancement if DGE3(T,Σ, △) = {∗}
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(Non-)uniqueness of DG enhancements
The following (k-linear) triangulated categories admit a unique DG enhancement:

Keller 1994, Lunts–Orlov 2010, Canonaco–Stellari 2018, Canonaco–Neeman–Stellari 2022
All derived and homotopy categories of abelian categories,
certain ‘algebro-geometric’ derived categories

Muro 2022 (d= 1), J–Muro 2022 (d ≥ 1)
Hom-finite + Krull–Schmidt + algebraic tri. cats. with a dZ-cluster tilting object

Rizzardo-Van den Bergh 2019, 2020 k-linear triangulated categories with non-unique
DG enhancements and without any DG enhancements

Schlichting 2002, Dugger–Shipley 2007 Z-linear algebraic tri. cats. with non-unique
DG enhancements
Muro–Schwede–Strickland 2007 Z-linear triangulated categories without any
enhancements at all (algebraic nor topological)
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Strong enhancements of triangulated categories
(Lunts–Orlov 2010) Strong DG enhancement (A,Φ) of (T,Σ, △)

• A : pre-triangulated DG category
• Φ : H0(A) ∼→ T : equivalence of triangulated categories

(A,Φ) ∼ (B,Ψ) generated by

A B

H0(A) H0(B)

T

∃F : quasi-equiv.

H0 (F)

Φ Ψ

SDGE3(T,Σ, △)

Equivalence classes of
strong DG enhancements

(T,Σ, △) admits a unique strong DG enhancement if SDGE3(T,Σ, △) = {∗}
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Uniqueness of strong enhancements
The following (k-linear) triangulated cats. admit a unique strong DG enhancement:

Lunts–Orlov 2010, Canonaco–Stellari 2018, Olander 2020+2022, Li–Pertusi–Zhao 2022
Various ‘algebro-geometric’ triangulated categories

Chen–Ye 2018, Lorenzin 2022
Bounded derived categories of hereditary abelian categories

Question: Does there exist an algebraic triangulated category with a unique DG
enhancement but non-unique strong DG enhancements?

Yes!
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DG enhancements in HHA



dZ-cluster tilting subcategories (d≥1)
Definition (Iyama–Yoshino 2008, Beligiannis 2015)

T : Hom-finite + Krull–Schmidt triangulated category

C = add(C) ⊆ T is d-cluster-tilting if
• ∀0 < i < d, T(C,ΣiC) = 0
• T = C ∗ ΣC ∗ · · · ∗ Σd−1C

∀x ∈ T ∃
cd−2 · · · c1 c0

cd−1 • · · · • • x| | |

with c0, c1, . . . , cd−1 ∈ C (without any shifts).
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Standard (d+2)-angulated categories
T : Hom-finite + Krull–Schmidt triangulated category

C ⊆ T : dZ-cluster tilting subcategory = d-cluster tilting + C = Σd(C)

D =


cd+1 · · · c3 c2

cd+2 • · · · • • c1| | |


Theorem (Geiß–Keller–Oppermann 2013)

The triple (C,Σd,D) is a (d + 2)-angulated category

C ⊆ T : 1Z-cluster tilting ⇐⇒ C = T
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Twisted (d+2)-periodic algebras
(F,Σ,D) : (d + 2)-angulated category + Hom-finite + Krull–Schmidt

Suppose ∃c ∈ F basic object s.t. add(c) = F ⇝ Λ B F(c, c)

Theorem (Freyd 1966 + Heller 1968 d= 1,
Geiss–Keller–Opermann 2013 + Green–Snashall–Solberg 2003 + Hanihara 2022)

• Λ : basic Frobenius algebra
• ∃ 𝜎 : Λ

∼−→ Λ algebra automorphism s.t.

Ωd+2
Λ � (−)𝜎 : mod(Λ) ∼−→ mod(Λ)

• Ωd+2
Λe (Λ) ≃ Λ𝜎 in mod(Λe)

We say that Λ is twisted (d + 2)-periodic w.r.t 𝜎
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Amiot–Lin (d+2)-angulations
Λ : basic Frobenius algebra & 𝜎 : Λ

∼−→ Λ & P(Λ) = proj(Λ)

Σ B − ⊗Λ Λ𝜎 −1 : P(Λ)
∼−→ P(Λ)

𝛿 ∈ Extd+2Λe (Λ,Λ𝜎 ) : 0 → Λ𝜎 → Pd+1 → · · · → P1 → P0 → Λ → 0, Pi ∈ P(Λe)
D𝛿 = {Qd+2 → Qd+1 → · · · → Q1 → ΣQd+2}

‘Exact sequences in P(Λ) satisfying certain exactness conditions rel 𝛿 ’

Theorem (Amiot 2008 (d= 1), Lin 2019 (d ≥ 1))

The triple (P(Λ),Σ,D𝛿 ) is a (d + 2)-angulated category

J–Muro 2022: Up to equivalence, D𝛿 is independent of the choice of 𝛿
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Pre-(d+2)-angulated DG categories

A : DG category is (Karoubian) pre-(d+2)-angulated if

y : A ↩−→ Dc(A)dg, a ↦−→ A(−, a),

induces an equivalence
H0(y) : H0(A) ∼

↩−→ C ⊆ Dc(A)

with a dZ-cluster tilting subcategory C ⊆ Dc(A)

A pre (d + 2)-angulated cat. =⇒ H0(A) is a std. (d + 2)-angulated cat.

(Karoubian) pre-(1 + 2)-angulated = (Karoubian) pre-triangulated

G. JASSO (NON-)UNIQUENESS OF STRONG ENHANCEMENTS 12



Enhancements of (d+2)-angulated categories

DG enhancement A of (F,Σ,D)
• A : pre-(d + 2)-angulated DG category
• ∃Φ : H0(A) ∼→ F : equivalence of (d + 2)-angulated categories

A ∼ B generated by

A B

H0(A) H0(B)

∃f : quasi-eq

H0 (f)

DGEd+2(F,Σ,D)

Equivalence classes of
DG enhancements

(F,Σ,D) admits a unique DG enhancement if DGEd+2(F,Σ,D) = {∗}
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Uniqueness of pre-(d+2)-angulated DG enhancements
Λ : basic Frobenius algebra & 𝜎 : Λ

∼−→ Λ s.t. Ωd+2
Λe (Λ) ≃ Λ𝜎

Σ B − ⊗Λ Λ𝜎 −1 : P(Λ)
∼−→ P(Λ) & D : Amiot–Lin (d + 2)-angulation of (P(Λ),Σ)

Theorem (Muro 2022 (d= 1), J–Muro 2022 (d ≥ 1))

• (P(Λ),Σ,D) admits a DG enhancement and it is moreover unique.
• Up to equivalence,

∃! T: algebraic triangulated. cat., (P(Λ),Σ,D) ≃−→ C ⊆ T,

where C ⊆ T is a dZ-cluster tilting subcategory.

Moreover, T admits a unique DG enhancement.
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Strong DG enhancements in HHA



Strong enhancements of (d+2)-angulated categories
Strong DG enhancement (A,Φ) of (F,Σ,D)

• A : pre-(d + 2)-angulated DG cat
• Φ : H0(A) ∼→ F : equivalence of (d + 2)-angulated categories

(A,Φ) ∼ (B,Ψ) generated by

A B

H0(A) H0(B)

F

∃f : quasi-eq

H0 (f)

Φ Ψ

SDGEd+2(F,Σ,D)

Equivalence classes of
strong DG enhancements

(F,Σ,D) admits a unique strong DG enhancement if SDGEd+2(F,Σ,D) = {∗}
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Pre-triangulated vs pre-(d+2)-angulated enhancements
T : algebraic triangulated category + Hom-finte + Krull–Schmidt

c ∈ T : dZ-cluster tilting object ⇝ C B add(c) ⊆ T

There is a canonical restriction map

SDGE3(T,Σ, △) SDGEd+2(C,Σd,D)

[A] [AC]

H0(A) H0(AC)

T C

∼ ∼

Open question: Is this map is injective or surjective if d ≥ 2?
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Results on strong DG enhancements



The stable centre and the map 𝜁 ×

Λ : basic Frobenius algebra ⇝ mod(Λ) = mod(Λ)/[P(Λ)]

[Λe] (Λ,Λ) U(Λ)

HomΛe (Λ,Λ) Z(Λ) Z(mod(Λ)) End
(
1mod(Λ)

)
HomΛe (Λ,Λ) Z(Λ) Z(mod(Λ)) End

(
1mod(Λ)

)
HH0(Λ) Z(Λ)× Z(mod(Λ))× HH0(mod(Λ))

HH0(Λ)× HH0(mod(Λ))×

∼

∼ ∼

∼ 𝜁

𝜁 ×
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Main theorem
Λ : basic Frobenius algebra & 𝜎 : Λ

∼−→ Λ s.t. Ωd+2
Λe (Λ) ≃ Λ𝜎

Σ B − ⊗Λ Λ𝜎 −1 : P(Λ)
∼−→ P(Λ) & D : Amiot–Lin (d + 2)-angulation of (P(Λ),Σ)

Theorem (J–Muro 2022)

Λ(𝜎 , d) =
⊕

di∈dZ 𝜎 iΛ1. There are bijections:

SDGEd+2(P(Λ),Σ,D) SDGEd+2(P(Λ),Σ) Aut(Λ(𝜎 , d))/∼

ker 𝜁 × Z(Λ)× Z(mod(Λ))×

∼ ∼

∼

𝜁 ×

(P(Λ),Σ,D) admits a unique strong DG enhancement ⇔ ker 𝜁 × = 1
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The case d=1 – A complete answer
Λ : basic Frobenius algebra & 𝜎 : Λ

∼−→ Λ s.t. Ω3
Λe (Λ) ≃ Λ𝜎

Σ B − ⊗Λ Λ𝜎 −1 : P(Λ)
∼−→ P(Λ) & D : Amiot triangulation of (P(Λ),Σ)

Theorem (J–Muro 2022)

Λ(𝜎 ) =
⊕

i∈Z 𝜎 iΛ1. There are bijections:

SDGE3(P(Λ),Σ, △) SDGE3(P(Λ),Σ) Aut(Λ(𝜎 ))/∼

ker 𝜁 × Z(Λ)× Z(mod(Λ))×

∼ ∼

∼

𝜁 ×

(P(Λ),Σ,D) admits a unique strong DG enhancement ⇔ ker 𝜁 × = 1
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The algebra of dual numbers – An explicit example
Λ = k[𝜀] : algebra of dual numbers & 𝜎 : 𝜀 ↦−→ −𝜀

Σ = − ⊗Λ 1Λ𝜎 −1 : P(Λ)
∼−→ P(Λ) & △ : Amiot triangulation of (P(Λ),Σ)

Z(Λ) Z(mod(Λ))

Z(Λ) Z(mod(Λ))

Z(Λ)× Z(mod(Λ))×

∼

𝜁 ×

Λ Λ

Λ/(2𝜀) k

Z(Λ)× k×

∼

𝜁

𝜁 ×

char(k) ≠ 2 =⇒ 𝜁 = id =⇒ SDGE3(P(Λ),Σ, △) ↔ ker 𝜁 × = 1

char(k) = 2 =⇒ 𝜁 = aug =⇒ SDGE3(P(Λ),Σ, △) ↔ ker 𝜁 × = 1 + (𝜀)
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