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Exact (m+ 2)-angles in A1-categories (Kontsevich)

Cm (m � �1) : A1-category
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� � �
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�m+2

x

x
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▶ jxj = 0 and jyj = m

▶ �m+2(x; : : : ; x; y; x; : : : ; x) = 1

▶ � 6=m+2 = 0 (mod unitality)

Why are these interesting?

FunA1(Cm;A) : exact (m+ 2)-angles

A : A1-category

C�1 ! A⇝ zero object
C0 ! A⇝ isomorphism
C1 ! A⇝ exact triangle

...
Cm ! A⇝ exact (m+ 2)-angle
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Symplectic interpretation of exact (m+ 2)-angles
Partially wrapped Fukaya category

W(D;�n)
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thick(
Ln

i=1 Li;i+1) =W(D;�n)

There exist grading structures such that

Cn�1 ' REnd(L0n �
Ln

i=1 Li;i+1)

Moreover L0n 2 thick(
Ln

i=1 Li;i+1) and

REnd(
Ln

i=1 Li;i+1) �= k ~An=J
2

where ~An = 1! 2! � � � ! n

Theorem (Folklore)

perf(k ~An=J
2)

�
�!W(D;�n)

Auroux, Kontsevich, Seidel, …
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Higher octahedra in A1-categories (Hermes)

A1-categoryMn

01 02 03 04 � � � 0n

12 13 14 � � � 1n

23 24 � � � 2n

34 � � � 3n

� � � ...
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j� j = 1

For all 0 � i < j � n the diagram

(i; j)

(i; j + 1)� (i+ 1; j)

(i+ 1; j + 1)

�

�3

is an exact triangle in perf(Mn)

Mn ! A⇝ n-octahedron
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Symplectic interpretation of higher octahedra

W(D;�n)
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thick(
Ln

i=1
L0i) =W(D;�n)

There exist grading structures such that

Mn ' REnd(
L

i<j Lij)

Moreover (Li := L0i)

REnd(
Ln

i=1 Li) �= k ~An

Theorem (Folklore)

perf(k ~An)
�
�!W(D;�n)

Auroux, Kontsevich, Seidel, …
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Koszul duality for the path algebra ~An

W(D;�n)
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REnd(
Ln

i=1 Li) is a Koszul A1-algebra

An := REnd(
Ln

i=1 Li)

A_n := REnd(
Ln

i=1 L
_
i )

Koszul duality (Keller)

perf(An) perf(A_n)

W(D;�n)

Koszul Duality

' '
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Stop removal functors & recollements (Auroux, Sylvan)

Identify �n = �n+1 ∖ fpn+1g
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Stop-removal functor

s :W(D;�n+1)!W(D;�n)

Ln

Ln+1

L_n+1

[1]

s

7�! s(Ln)

s(Ln+1)

�����: 0
s(L_n+1)

'

[1]

thick(L_n+1) W(D;�n+1) W(D;�n)� s

�L

�R

sL

sR

�L a � a �R � = ker(s) sL a s a sR
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TheWaldhausen S�-construction

Stop-removal functors and their adjoints
turn

W(D;�n) ' perf(Mn) n � 0;

into a simplicial triangulated A1-category
▶ Coherence is established

combinatorially
▶ [Tanaka] Approach via stack of broken

paracycles

Theorem (Folklore)
A = perf(A)

W(D;�n)
A ' Sn(A) n � 0

S�(A) :Waldhausen S�-construction

Rotating the disk⇝ paracyclic structure
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K-theory of A1-categories (Waldhausen, Thomason, …)

Definition
A : triangulated A1-category

K(A) := 
jS�(A)
'j

AlgebraicK-theory space ofA

Km(A) := �m(K(A); 0)

m-th algebraicK-group ofA

K0(A) : Grothendieck group ofA

▶ base point: 0 2 A : zero object
▶ loop at 0: object 0 A

�! 0 inA

▶ 2-simplex:
0

0 0

A12

A02

A01

A01 ! A02 ! A12 ! A01[1]
⇝ [A01] + [A12] = [A02]

▶ 3-simplex: octahedron inA
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Partially wrapped Fukaya categories (Auroux, Sylvan)

� : Riemann surface, @� 6= ;
� � @� : finite set of marked points

Symd(�) = �� � � � � �| {z }
d times

=Sd

�(d) =
[
p2�

fpg � Symd�1(�)

W(Symd(�);�(d))
partially wrapped Fukaya category

Proposition (Perutz)

9! symplectic form on Symd(�)
s.t. ! = !�d� away from big diagonal

▶ L1; : : : ; Ld : Lagrangians in �
▶ 8i 6= j : Li \ Lj = ;

)
Q
Li 2 Symd(�) : Lagrangian
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Kontsevich's proposal

W(Symd(�);�(d)) ' homotopy colimit of
triangulated A1-categories of the formO

i

W(Symdi(D);�(di)
ni ) :

X
i

di = d

where

perf(A)
 perf(B) = perf(A
B)

Haiden-Katzarkov-Kontsevich
Dyckerhoff-Kapranov

Complete proofs in the case d = 1

REnd(
L

Li)

shaded triangle⇝ exact triangle (�3)
empty triangle⇝ no relations

Work in progress (DJL)
Gluing description for genus(�) = 0 & d � 1

▶ [Lekili-Polishchuk] Direct computation for
genus(�) = 0 & d � 1

▶ genus(�) > 0) no Z-grading!
▶ precise description of indexing diagram (difficult)
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D : 2-dim unit disk
�n � @D : (n+ 1)-st roots of unity

Theorem (Dyckerhoff-J-Lekili 2019)

There are equivalences of triangulated A1-categories

perf(A_n;d) perf(An;d)

W(Symd(D);�(d)
n ) W(Symn�d(D);�(n�d)

n )

n � d � 1 perf(An;n�d) perf(A_n;n�d)

Koszul Duality

' ' [B
e
c
k
e
r
t]

'

Koszul Duality

'' '

An;d : d-dimensional Auslander algebra of type An�d+1 [Iyama]
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Higher Auslander algebras of type A

[Oppermann-Thomas]

I; J � f1; : : : ; ng with#I = #J = d

Write I ⇝ J if
i1 � j1 � i2 � j2 � � � � � id � jd

An;d =
M
I⇝J

k � fJI

fKJ � fJI =

(
fKI if I ⇝ K

0 otherwise

No higher products!

An;1 : k(1! 2! � � � ! n)

An;2 :

12 13 14 � � � 1n

23 24 � � � 2n

34 � � � 3n

. . .
...

n� 1; n
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Orlov functors & stop removal functors
Identify �n = �n+1 ∖ fpn+1g
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p4 p5
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L_
5

� : Orlov functor

� :W(Symd(D);�(d)
n ) ,!W(Symd+1(D);�(d+1)

n+1 )

product with small arc L_n+1 near stop pn+1

Ln

Ln+1

���* 0
L_n+1

'

[1]

�

7�! (Ln � L_n+1)

(Ln+1 � L_n+1)

��������: 0

(L_n+1 � L_n+1)

'

[1]

W(Symd(D);�(d)
n ) W(Symd+1(D);�(d+1)

n+1 ) W(Symd+1(D);�(d+1)
n )� s

�L

�R

sL

sR

s : Stop-removal functor
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Higher Waldhausen S�-construction (Dyckerhoff, Poguntke)

Corollary (DJL, Dyckerhoff-J-Walde)

A = perf A

W(Symd(D);�(d)
n )
A ' S

(d)
n (A)

S
(d)
� (A) : d-dim Waldhausen S�-construction

Theorem (Poguntke)

K(A) ' 
djS
(d)
� (A)'j

A012

A013

A014

0
A023

A024

0
A034

0
0

0

0
A123

A124

0
A134

0

0

0

A234

An object of S(2)
4 (A)

all cubes are bicartesian
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W
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W
(d)
n =W(Symd(D);�(d)

n )

rankK0(W
(d)
n ) =

�n
d

�
=
� n
n�d

�
= rankK0(W

(n�d)
n )

W
(d�1)
n

�↣W
(d)
n+1

s↠W
(d)
n
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Thank you for your
attention!

https://arxiv.org/abs/1911.11719

https://arxiv.org/abs/1911.11719
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