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Exact (m + 2)-angles in A -categories (Kontsevich)

Cm (m > —1) : Ay -category Why are these interesting?
z— 1 Fung_(Cpm, A) : exact (m + 2)-angles
K N
2 T
\ A . Ao-category
T Hm42 0
A C_1 — A ~ zero object
- /y Co — A ~~ isomorphism
Ty m+1 C1 — A ~- exact triangle
» |z =0and |y =m
> Nm+2($,---,$;y;$,---»$) =1

o Cm — A ~» exact (m + 2)-angle
» Utmi2 = 0 (mod unitality)
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Symplectic interpretation of exact (m + 2)-angles

Fukaya category

W(D, A,,)

4

thick( ) = W(D, A,)

There exist grading structures such that

Cpn_1 ~ REnd(Lo, ® )
Moreover Ly, € thick( )and
REnd( ) = kA, /J?

where[fnzl—>2—>---—>n

Theorem (Folklore)

perf(kA4,/J%) = W(D, A,)

Auroux, Kontsevich, Seidel, ...
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Higher octahedra in A, -categories (Hermes)

Ao -category M., Forall0 <17 < j < nthe diagram

01 =02 =03 — 04 - -%On GLi+1)e(@+1,7)
K
T l T l T l T\l /
12H13H14% 'K% 1n (4, 7) Ua
A AN NN K,
23H24% %271 N
K . .
“r l"\l (t+1,57+1)
34% %377.
7| =1 T lR is an exact triangle in perf(M,,)
KT\i M, — A ~» n-octahedron
n—1,n
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Symplectic interpretation of higher octahedra
W(]D), An) There exist grading structures such that
My ~ REnd(D; . Lij)
Moreover (L; := Lg;)

REnd((D" | L;) 2 kA,

Theorem (Folklore)

perf(k4,) = W(D, A,,)

thick(FD", Lo:) = W(D, An)

Auroux, Kontsevich, Seidel, ...
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Koszul duality for the path algebra A,

REnd(6B}-, L;) is a Koszul A, -algebra

W(D, A,,)

A, = REnd(@®™, L;)
A} = REnd(@7, L))

Koszul duality (Keller)

perf(An) Koszul Duality perf(AX)

W(D, A,)
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Stop removal functors & recollements (Auroux, Sylvan)

) Stop-removal functor
Identify A, = Apt1 ~ {DPn+1}

s WD, Any1) — WD, Ay,)

Ln+1 S(Lﬂ+1)
/ =
P
L, = s s(Ln)
1] [t

~ 0

: v # (S—La

tthk(anl) ? L;ﬁ W(]D)a A‘ﬂ+1) i S‘;ﬁ W(]D): A'"-)

vr e eg ¢ = ker(s) sy 1s-sgp
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The Waldhausen S,-construction

Stop-removal functors and their adjoints
turn

W(D, Ay,) ~ perf(M,,) n >0,

into a simplicial triangulated A.,-category

» Coherence is established
combinatorially

» [Tanaka] Approach via stack of broken
paracycles

Theorem (Folklore)
A = perf(A)

W(D,A)QA~S,(A) n>0
Se(A) : Waldhausen S,-construction

Rotating the disk ~~ paracyclic structure
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K -theory of A, -categories (Waldhausen, Thomason,...)

Definition
A : triangulated A, -category
K(A) :=Q|S.(A)~|

Algebraic K -theory space of A

Km(A) :=mm(K(A),0)
m-th algebraic K-group of A

Ko (A) : Grothendieck group of A

> base point: 0 € A : zero object
» loop at 0: object 0 A 0in A
0
> 2-simplex: Ao? :412
/ N
0 —Ao2~> 0

A()]_ — Aog — A12 — A()]_[l]
~ [Ao1] + [A12] = [Ao2]
» 3-simplex: octahedron in A
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Partially wrapped Fukaya categories (Auroux, Sylvan)

%3 : Riemann surface, 8% # 0

A C 9% : finite set of marked points Proposition (Perutz)
Symé(Z) =T x---x 0/6 Jw symplectic form on Sym? (2
(%) ' /64 ymplecti fi ym®(Z)
d times st. w = wy" away from big diagonal
A@) = p} x Sym? (T
pLGJA{ ; () » L,...,Lg:Llagrangiansin &
J @ > Vi£j:L,NL;=0
W(Sym?(Z), A') =11L; € Symd(Z}) : Lagrangian

partially wrapped Fukaya category
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Kontsevich's proposal

W(Sym?(2), A1) ~ homotopy colimit of
triangulated A.,-categories of the form

RW(Sym% (D), ALY : S d; = d

where

perf(A) ® perf(B) = perf(A ® B)

Haiden-Katzarkov-Kontsevich
Dyckerhoff-Kapranov

Complete proofsinthecased =1

REnd(

shaded triangle ~~ exact triangle (,ug)
empty triangle ~~ no relations
Work in progress (DJL)
Gluing description for genus(X) = 0&d > 1
» [Lekili-Polishchuk] Direct computation for
genus(Z) =0&d > 1
> genus(3) > 0 = no Z-grading!

» precise description of indexing diagram (difficult)

G. Jasso (jt. with T. Dyckerhoff & Y. Lekili) Partially wrapped Fukaya categories of symmetric products of marked disks 1/16



D : 2-dim unit disk
A, C 9D : (n + 1)-st roots of unity

Theorem (Dyckerhoff-J-Lekili 2019)

There are equivalences of triangulated A.,-categories

Koszul Duality
\
perf(4, ;)

perf(An q)

W(Sym4(D), AY) W(Sym™ (D), AT ?)

perf(An n—q)

[2e2902g ]

<

n>d>1

\
Koszul Duality perf(An,nfd)

Ap 4 : d-dimensional Auslander algebra of type A,,_4.1 [lyama]



Higher Auslander algebras of type A

[Oppermann-Thomas]

IJC{l,... nywith#I =#J =d Apy k(1 =2 —n)

1213 =14 > > 1n

2324 > 2n

Ana= Pk fu -l

Write I ~ Jif
11 <J1 <1< < <1< g4

I~J An,2 . 34.%“. . ...% 3n

g fop = JJKT I K o

BT 0 otherwise e i
n—1,n

No higher products!
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Orlov functors & stop removal functors

Identify A, = Apy1 \ {Pnt1} ¢ : Orlov functor
4

Pa

L W(Sym4(D), A%y  W(sym* (D), ALEY)

product with small arc near stop pn41
Lpyy (Lnfl X )
7 =
~ P
L, ” l s (Lax ) l
N 3
1 LN
0
/0 (/(//)'

LL
W(Symi(D), A7) = W(symeH (D), AL%)) o5 wisym? (D), A1)

LR

s : Stop-removal functor
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Higher Waldhausen S,-construction (Dyckerhoff, Poguntke)

Corollary (DJL, Dyckerhoff-J-Walde)
A =perf A

W(Symi(D), AY) @ A ~ 59 (4)

Ssd)(A) : d-dim Waldhausen S,-construction

Theorem (Poguntke)
K(A) =~ Q459 ()|

/ 0
— i <] Ao |
0 ;/\ ™ Az
0 N
\ s e
e / o Aizs
T Azza
An object of S‘(lz) (A)

all cubes are bicartesian
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AN
W) Wi
AN AN
"o W) W
AN 2N AN
) Wi Wi WY
AN 2N 2 N 2N
Wi W e Wi e

f\f\f\f\/“\

Wi = W(sym¥(D), ALY)

rank Kg(W) = () = (") = rank Ko(W" ™)

WD L8, £ gl
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